The purpose of this paper is to develop a novel compromise approach using correlation-based closeness indices for addressing multiple-criteria decision analysis (MCDA) problems of bridge construction methods under complex uncertainty based on interval-valued Pythagorean fuzzy (IVPF) sets. The assessment of bridge construction methods requires the consideration of multiple alternatives and conflicting tangible and intangible criteria in intricate and varied circumstances. The concept of IVPF sets is capable of handling imprecise and ambiguous information and managing complex uncertainty in real-world applications. Inspired by useful ideas concerning information energies, correlations, and correlation coefficients, this paper constructs new concepts of correlation-based closeness indices for IVPF characteristics and investigates their desirable properties. These indices can be utilized to achieve anchored judgments in decision-making processes and to reflect a certain balance between connections with positive and negative ideal points of reference. Moreover, these indices can fully consider the amount of information associated with higher degrees of uncertainty and effectively fuse imprecise and ambiguous evaluative ratings to construct a meaningful comparison approach. By using the correlation-based closeness index, this paper establishes effective algorithmic procedures of the proposed IVPF compromise approach for conducting multiple-criteria evaluation tasks within IVPF environments. The proposed methodology is implemented in a practical problem of selecting a suitable bridge construction method to demonstrate its feasibility and applicability. The practicality and effectiveness of the proposed methodology are verified through a comparative analysis with well-known compromise methods and other relevant nonstandard fuzzy models.
Introduction
Bridges are a critical part of national development because of their crucial role in road networks. However, compared with other transportation-related constructions, bridges are more prone to environmental impacts. Consequently, bridges are the most fragile component of the transportation system. Damaged or collapsed bridges can result in serious casualties, traffic disruptions, and economic losses. Thus, the development of effective bridge structural designs is extremely important, and the selection of appropriate construction methods is the key to successful bridge construction.
However, the assessment of candidate methods for bridge construction is considered a highly complicated multiplecriteria decision analysis (MCDA) problem. To address this complex MCDA problem, the concept of interval-valued Pythagorean fuzzy (IVPF) sets is applied to describe the fuzziness, ambiguity, and inexactness in the decision-making process according to the degrees of membership and nonmembership that are represented by flexible interval values that reflect the degree of hesitation. The aim of this paper is to develop a novel IVPF compromise approach using correlation-based closeness indices to address high degrees of uncertainty when assessing bridge construction methods. Moreover, the proposed methods extend the existing compromise-based methodology to the IVPF context and can be applied to a variety of MCDA fields. In this section, the background, motivation, objective, and contributions of this study are detailed.
1.1. Problem Background of Bridge Construction. Highway and transportation projects can be generally divided into three categories: road engineering, bridge engineering, and tunnel engineering. The construction of bridges is essential for societies to function [1, 2] , and their establishment enables transportation among towns, cities, and communities [2] . Almost all developed countries build reliable and durable bridges as a part of their infrastructure [3, 4] . However, bridges are relatively fragile and prone to wear and damage from the environment [5] , particularly in regions featuring complex geological structures or natural disasters such as flooding, earthquakes, or typhoons [6, 7] . Therefore, bridges must be safe and serviceable for users [8, 9] . As an important part of highway transportation systems, the structural design and construction of bridges are of utmost importance to national development [10, 11] ; selecting appropriate construction methods is therefore crucial [6, [12] [13] [14] [15] .
The structural designing of bridges is divided into two stages. The first stage, the conceptual design stage, primarily involves deciding on the overall structural forms and construction technologies to be adopted and accounting for potential design risks [16] . The second stage is focused on detailed construction analyses [17] . The first stage has a profound effect on the subsequent design process and overall costs [18] [19] [20] . In fact, no amount of design detail can make up for poor initial concepts [19, 20] . Developing effective bridge superstructures in the conceptual design stage has a decisive effect on successful bridge construction [21] . The different construction methods for building bridge superstructures pertain to distinct construction characteristics, applicable environments, construction costs, and construction durations. The types of hazards that can occur because of the construction methods employed and the potential risk factors and preventive measures involved in each construction method also differ. Because bridge projects are large in scale and entail intricate implementation processes, identifying the bridge construction methods that feature the lowest cost, are best matched to local conditions, and are feasible and environmentally friendly has remained the focus of public and private construction industries.
Numerous superstructure construction methods are currently available for bridge projects. However, these methods vary considerably in cost and duration, and the selection of inappropriate methods can lower the quality of the structure, diminish the construction efficiency, and lower the cost-effectiveness of the project [21] . Ensuring the applicability, safety, durability, and cost-effectiveness of bridge structural designs is of utmost importance [22, 23] . The most common accident that occurs during bridge construction is bridge collapse, which is frequently the result of inappropriate construction methods, incurs time and monetary losses, and creates the need to repair environmental damage and undertake subsequent reconstruction [6] . From a durability perspective, bridges are a fragile component in road construction because they are relatively more vulnerable to environmental impact than are the other parts [5] . Accordingly, many assessment criteria must be considered in the bridge design process, such as construction safety, aesthetics, integration with the surrounding environment (both landscaping and ecological maintenance), construction cost efficiency, and operational cost efficiency [9, 13, 16, 22, 24] . These conditions make bridges one of the most challenging and complex structures in construction [9] .
In addition to these many assessment criteria, various complex technical and structural problems must be resolved in the design [9, 14, 15] . Decision-makers must consider the safety, maintainability, traffic loads, and structural designs and must demand adequate control over the risk of failure [16, 25] . To optimize safety assessments, particularly those of highway bridges, accurately estimating the effects of traffic loads on the bridges is crucial [26] . For example, failure to accurately estimate the effect of heavy truckload capacity on the bottom structures of bridges can lead to gradual superstructure collapses and catastrophic accidents [27] . In addition, because severe natural disasters often inflict serious damage, decision-makers must include natural disasters in their bridge design assessments [7] . These uncertainties make the selection problem of bridge construction methods markedly challenging [12, 24] .
Motivation and Highlights of the Study.
Selecting an appropriate bridge construction method involves numerous and complex criteria and entails challenging technical operations, particularly in regions featuring complicated geological structures or frequent natural disasters [2, 6, 14, 15, 28] . To illustrate the uncertainties that exist in the intricate decision environment, this study attempts to develop a new MCDA approach involving a novel application of IVPF set theory to describe the uncertainties of decision-making according to the degrees of membership and nonmembership that are represented by flexible interval values that reflect the degree of hesitation. This approach incorporates the compromise model as the basis of construction method development to investigate the related personnel's selection of bridgesuperstructure construction methods in Taiwan. The developed methods and relevant techniques can help decisionmakers navigate the criteria and choose the appropriate bridge construction methods for their particular situations to prevent the many occupational hazards that have occurred during bridge construction over the years. This concern is the first motivation of this paper.
The theory of Pythagorean fuzzy (PF) sets originally introduced by Yager [29] [30] [31] [32] is a useful tool to capture the vagueness and uncertainty in decision-making processes [33] [34] [35] [36] . PF sets are related to the concept of a membership degree and a nonmembership degree that fulfill a relaxed 2 Complexity condition that the square sum of the two degrees is less than or equal to one [34, [37] [38] [39] [40] . PF sets have been created as a new and prospective class of nonstandard fuzzy sets because they can accommodate higher degrees of uncertainty compared with other nonstandard fuzzy models [32] . Since Zhang and Xu [36] initially proposed general mathematical forms of the PS sets, the PF theory has become increasingly popular and widely used in the MCDA field [34, 41] . Furthermore, Zhang [40] generalized PF sets to propose the concept of IVPF sets. IVPF sets permit the degrees of membership and nonmembership of a given set to have an interval value within 0, 1 ; moreover, they are required to satisfy the condition that the square sum of the respective upper bounds of the two intervals is less than or equal to one [40, 42, 43] . As an extension of PF sets, IVPF sets have wider application potential because of their superior ability to manage more complex uncertainty and address strong fuzziness, ambiguity, and inexactness in practical situations [42, [44] [45] [46] [47] . Many useful decision methods and models have been developed for managing MCDA problems involving IVPF information, such as a linear programming method based on an improved score function for IVPF numbers with partially known weight information [45] , a generalized probabilistic IVPF-weighted averaging distance operator [48] , new exponential operational laws about IVPF sets and their aggregation operators [46] , a new gray relational analysis method based on IVPF Choquet integral average operators [49] , new probabilistic aggregation operators with PF and IVPF information [50] , IVPF extended Bonferroni mean operators for dealing with heterogeneous relationships among criteria [47] , an IVPF outranking method using a closeness-based assignment model [42] , and an extended linear programming technique for the multidimensional analysis of preferences based on IVPF sets [39] . Most existing MCDA methods based on IVPF sets have focused on the investigation of scoring models (e.g., score functions, aggregation operators, and mean operators). Nevertheless, relatively few studies have focused on the development or extensions of the compromise model within the IVPF environment. IVPF sets can provide enough input space for decision-makers to evaluate the assessments with interval numbers [47] ; thus, the IVPF theory is a powerful and useful tool for handling fuzziness and vagueness. From this perspective, it would be particularly advantageous to employ the IVPF theory to handle more imprecise and ambiguous information in the selection problem of bridge construction methods, which constitutes the second motivation of this paper.
This paper attempts to incorporate the compromise model as the basis of the developed approach for the extension of the IVPF theory to the compromise-based methodology of application. In numerous real-life decision situations, decision-makers often anchor their subjective judgments with certain points of reference [34, [51] [52] [53] . In particular, the specification of these points of reference can influence the intensity or even the rank order of the preferences [34, 54] , which implies that anchor dependency affects the evaluation outcomes among competing alternatives to some degree. In general, anchor dependency can be effectively achieved with the use of positive and negative ideals [34, 51] . More precisely, human preference can be expressed as an "as close as possible" concept, which utilizes a positive ideal as the point of reference. In contrast, preference can be revealed as an "as far as possible" concept, which employs a negative ideal as the point of reference. As can be expected, the usage of these points of reference affects the contrast of currently achievable performances among competing alternatives [51, 52] . Under these circumstances, it is essential to incorporate such concepts into the proposed IVPF compromise approach. In other words, it is necessary to address the issue of anchor dependency and locate appropriate positive-and negative-ideal points of reference in the developed approach, which constitutes the third motivation of this paper.
Aiming at addressing the foregoing motivational issues, the purpose of this paper is to propose a simple and effective IVPF compromise approach that works with some interesting concepts (i.e., some comparison measures and indices with respect to points of reference) for addressing MCDA problems of bridge construction methods under complex uncertainty based on IVPF information. In particular, this paper incorporates anchored judgments with displaced and fixed ideals into the modeling process of the developed technique, which is different from the existing MCDA methods in the IVPF context. By using information energies, correlations, and correlation coefficients based on IVPF sets, this paper constructs novel concepts of correlation-based closeness indices to characterize complex IVPF information and reflect a certain balance between the connection with positive-ideal IVPF solutions and the remotest connection with negative-ideal IVPF solutions. Several useful and desirable properties related to these concepts are also explored and discussed to form a solid basis for the proposed methods. This paper develops a new IVPF compromise approach to underlie anchored judgments from opposite viewpoints of displaced and fixed ideals and determine the ultimate priority orders among candidate alternatives for solving MCDA problems involving IVPF information. Two algorithmic procedures are provided to enhance the implementation efficiency of the proposed methods. Moreover, the computations associated with the relevant techniques are simple and effective for facilitating multiple-criteria evaluation tasks in IVPF environments. Based on the flexible and useful IVPF compromise approach, this paper investigates an MCDA problem of bridge construction methods in Taiwan to demonstrate the practical effectiveness of the proposed methods in real-world situations. A comparative analysis with wellknown and widely used compromise models and other MCDA approaches based on relevant nonstandard fuzzy sets is also conducted to validate the reasonability and advantages of the developed methodology.
This paper proposes a novel compromise methodology that fully takes into account a new concept of correlationbased closeness indices instead of the distance measures in classic compromise methods. Until recently, some compromise methods have been employed to investigate relevant issues of bridge design and construction. For example, Mara et al. [28] proposed a joint configuration for panel-level 3 Complexity connections to compromise the benefit of a rapid fiberreinforced polymer deck installation in bridge construction. Penadés-Plà et al. [2] reviewed different methods and sustainable criteria used for decision-making at each life-cycle phase of a bridge, from design to recycling or demolition. The authors indicated that the decision-making process allows the conversion of a judgment into a rational procedure to reach a compromise solution. Liang et al. [55] applied an extended fuzzy technique for order preference by similarity to ideal solution (TOPSIS) to investigate decision-making schemes in large-scale infrastructure projects. Huang and Wang [56] combined the TOPSIS method and the analytic hierarchy process (AHP) to establish a comparison matrix and applied it to a digital model of road and bridge construction enterprise purchasing. Wang et al. [57] employed the AHP-TOPSIS procedure to develop an optimization decision model for bridge design. Nevertheless, the abovementioned compromise solutions or methods can hardly address the MCDA problem of selecting an appropriate bridge construction method under complex uncertainty. These methods have little capability to model imprecise and uncertain information for an intricate and unpredictable decision environment involving strong fuzziness, ambiguity, and inexactness. To overcome these difficulties, this paper develops a novel compromise model using a useful concept of correlationbased closeness indices to address highly uncertain MCDA problems involving IVPF information and solve the selection problem of bridge construction methods. Particularly, in contrast to the existing compromise-based methodology, the uniqueness of this paper is the consideration of flexible IVPF information in assessing bridge construction methods, the development of new correlation-based closeness indices from the opposite perspectives of displaced and fixed ideals, and the determination of ultimate priority rankings based on a novel IVPF compromise approach.
The remainder of this paper is organized as follows. Section 2 briefly reviews some basic concepts and operations of IVPF sets. Section 3 formulates an MCDA problem within IVPF environments and establishes a novel IVPF compromise approach with correlation-based closeness indices for managing MCDA problems under complex IVPF uncertainty. Section 4 applies the proposed methodology to a real-life MCDA problem of selecting a suitable bridge construction method, along with certain comparative discussions, to demonstrate its feasibility and practicality. To further investigate the application results, Section 5 conducts a comprehensive comparative analysis with well-known compromise methods and with other relevant nonstandard fuzzy models to demonstrate the effectiveness and advantages of the developed approach. Finally, Section 6 presents the conclusions.
Preliminary Definitions
This section introduces some basic concepts related to PF and IVPF sets that are used throughout this paper. Moreover, selected operations of IVPF values that are helpful in the proposed approach are presented.
Definition 1 (see [30, 32, 36] ). A PF set P is defined as a set of ordered pairs of membership and nonmembership in a finite universe of discourse X and is given as follows:
which is characterized by the degree of membership μ P X → 0, 1 and the degree of nonmembership ν P X → 0, 1 of the element x ∈ X in the set P with the condition
Let p = μ P x , ν P x denote a PF value. The degree of indeterminacy relative to P for each x ∈ X is defined as follows:
Definition 2 (see [40, 43] ). Let Int 0, 1 denote the set of all closed subintervals of the unit interval 0, 1 . An IVPF set P is defined as a set of ordered pairs of membership and nonmembership in a finite universe of discourse X and is given as follows:
which is characterized by the interval of the membership degree
and the interval of the nonmembership degree
with the following condition:
+ P x denote an IVPF value. The interval of the indeterminacy degree relative to P for each x ∈ X is defined as follows:
Definition 3 (see [40, 43] ). Let p 1 = μ
x , and p = μ
x be three IVPF values in X, and let α ≥ 0. Selected operations are defined as follows: 4 Complexity
Definition 4 (see [40, 43] ). Let p 1 and p 2 be two IVPF values in X. The distance between p 1 and p 2 is defined as follows:
An IVPF Compromise Approach
This section attempts to propose an effective IVPF compromise approach by means of novel correlation-based closeness indices for addressing MCDA problems within a highly complex uncertain environment based on IVPF sets. This section initially describes an MCDA problem in the IVPF decision context. Based on useful concepts of information energies and correlations for IVPF characteristics, this section establishes novel correlation-based closeness indices from the two different perspectives of displaced and fixed ideals. Some essential and desirable properties are also investigated to furnish a sound basis for the subsequent development of an IVPF compromise approach. Finally, this section provides two algorithmic procedures of the proposed IVPF compromise approach for conducting multiple-criteria evaluation tasks in IVPF environments.
3.1. Problem Formulation. Consider an MCDA problem within the IVPF decision environment. Let Z = z 1 , z 2 , ⋯, z m denote a discrete set of m m ≥ 2 candidate alternatives, and let C = c 1 , c 2 , ⋯, c n denote a finite set of n n ≥ 2 evaluative criteria. Set C can be generally divided into two sets, C I and C II , where C I denotes a collection of benefit criteria (i.e., larger values of c j indicate a higher preference), and C II denotes a collection of cost criteria (i.e., smaller values of c j indicate a higher preference). Moreover,
denote the weight vector of n evaluative criteria, where w j ∈ 0, 1 for all j ∈ 1, 2, ⋯, n and ∑ n j=1 w j = 1 (i.e., the normalization condition).
The evaluative rating of an alternative z i ∈ Z in relation to a criterion c j ∈ C is expressed as an IVPF value
represent the flexible degrees of membership and nonmembership, respectively, for which z i is evaluated with respect to c j . Moreover, the interval of the indeterminacy degree that corresponds to each p ij is determined as π
MCDA problem involving IVPF information can be concisely expressed in the following IVPF decision matrix:
Furthermore, the IVPF characteristics P i of an alternative z i can be represented by all of the relevant IVPF values as follows:
As explained in the introduction, this paper attempts to locate appropriate positive-and negative-ideal IVPF values as points of reference to concretize anchored judgments in the proposed methodology and handle their influences in decision-making processes. From the two different perspectives of displaced and fixed ideals [34, 51, 54] , this paper utilizes the concepts of the displaced/fixed positive-and negative-ideal IVPF solutions. With respect to anchored judgments with displaced ideals, this paper identifies the displaced positive-and negative-ideal IVPF values that are composed of all of the best and worst criterion values attainable, respectively. Usually, the larger the evaluative rating is, the greater the preference is for the benefit criteria and the less the preference is for the cost criteria [42] . Thus, for each benefit criterion, the displaced positiveand negative-ideal IVPF values are designated as the largest and smallest IVPF values, respectively, based on all of the IVPF evaluative ratings p ij in the IVPF decision matrix p.
. In contrast, the displaced positive-and negative-ideal IVPF values for each cost criterion are considered the smallest and largest IVPF values, respectively, with respect to all of the criterion-wise evaluative ratings in p. In other words,
Definition 5. Consider an IVPF decision matrix p = p ij m×n . Let z * and z # denote the displaced positive-and negativeideal IVPF solutions, respectively, with respect to p, and their IVPF characteristics P * and P # are expressed as follows:
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Here, p * j = μ
represent the displaced positive-and negativeideal IVPF values, respectively, for each criterion c j ∈ C = C I ∪ C II , where C I ∩ C II = ∅ ; they are defined as follows:
Concerning anchored judgments with fixed ideals, the largest IVPF value ( 1, 1 , 0, 0 ) and smallest IVPF value ( 0, 0 , 1, 1 ) are designated as the fixed positive-and negative-ideal IVPF values, respectively, for each c j ∈ C I . Conversely, the smallest IVPF value ( 0, 0 , 1, 1 ) and largest IVPF value ( 1, 1 , 0, 0 ) are considered the fixed positive-and negative-ideal IVPF values, respectively, for each c j ∈ C II . Definition 6. Consider an IVPF decision matrix p = p ij m×n . Let z + and z − denote the fixed positive-and negative-ideal IVPF solutions, respectively, with respect to p, and their IVPF characteristics P + and P − are expressed as follows:
Here, p +j and p −j represent the fixed positive-and negativeideal IVPF values, respectively, for each criterion c j ∈ C = C I ∪ C II , where C I ∩ C II = ∅ ; they are defined as follows:
Note that the respective intervals of the indeterminacy degrees corresponding to p * j and p #j are given by the following equations: π
Complexity
The respective intervals of the indeterminacy degrees corresponding to p +j and p −j are obtained as π
3.2. Proposed Methodology. This subsection develops an IVPF compromise approach using a novel concept of correlation-based closeness indices. Considering anchored judgments with the displaced or fixed ideal IVPF solutions, this subsection initially presents useful comparison indices based on information energies and correlations of the IVPF characteristics. Furthermore, two simple and effective algorithmic procedures using the proposed IVPF compromise approach are provided for addressing MCDA problems within the IVPF environment.
In the present study, two useful concepts of correlationbased closeness indices from the different perspectives of displaced and fixed ideals are presented to underlie anchored judgments and to reflect a certain balance between the connection with positive-ideal IVPF solutions and the remotest connection with negative-ideal IVPF solutions. Motivated by the idea of correlation coefficients based on PF sets [37] , this paper constructs the novel concept of correlation-based closeness indices in the IVPF context and investigates their useful and desirable properties. These comparison indices provide a solid basis for building subsequent IVPF compromise approaches.
ij be an IVPF evaluative rating in the IVPF decision matrix p, and let w j be the weight of criterion c j ∈ C. The information energy E P i of the IVPF characteristics P i for each alternative z i ∈ Z is defined as follows:
Theorem 1. The information energy E P i of the IVPF characteristics P i in p satisfies the following properties:
Proof. (T1.1) Because p ij is an IVPF value, the following are known: μ
With these results, it is readily proved that
Using the normalization condition of criterion weights ∑ n j=1 w j = 1, one can then obtain 0 < E P i ≤ 1; i.e., (T1.1) is valid. (T1.2) According to Definition 6, one has P + = c j , 1,
Therefore, one can easily infer that E P + = E P − = ∑ n j=1 w j = 1. This establishes the theorem. Definition 8. Let P i and P i ′ be two IVPF characteristics in p, and let w j be the weight of c j ∈ C. The correlation R between P i and P i′ is defined as follows:
Theorem 2. The correlation R P i , P i ′ between two IVPF characteristics P i and P i ′ in p satisfies the following properties:
Proof. (T2.1)-(T2.3) are evident. (T2.4) and (T2.5) are straightforward because p +j = 1, 1 , 0, 0 and p −j = 0, 0 , 1, 1 for c j ∈ C I , p +j = 0, 0 , 1, 1 and p −j = 1, 1 , 0, 0 for c j ∈ C II , and π
This completes the proof. Definition 9. Let P i and P i ′ be two IVPF characteristics in p. The correlation coefficient K between P i and P i ′ is defined as follows:
Theorem 3. The correlation coefficient K P i , P i ′ between two IVPF characteristics P i and P i′ satisfies the following properties:
2) It can be easily obtained that K P i , P i′ ≥ 0 based on the properties in (T1.1) (i.e., 0 < E P i , E P i ′ ≤ 1) and (T2.2) (i.e., 0 ≤ R P i , P i ′ ≤ 1). By using the Cauchy-Schwarz inequality, the following relationship can be determined:
With the above results, one can employ Definition 8 to infer the following:
The obtained inequality can be written as R P i , P i ′ ≤ E P i ⋅ E P i′ because R P i , P i′ ≥ 0, E P i > 0, and E P i′ > 0. Thus, we conclude that
Using (T2.1) (i.e., R P i ,
This basis establishes the theorem.
Turning now to the issue of identifying appropriate comparison indices in the proposed IVPF compromise approach, this paper develops a useful concept of correlation-based closeness indices to provide a starting point for realizing anchored judgments with displaced/fixed ideals in the MCDA process. First, this paper incorporates the displaced positive-ideal IVPF solution z * and the displaced negativeideal IVPF solution z # into the specification of correlationbased closeness indices. As mentioned earlier, the selection of anchor values would influence the intensity of the preferences about candidate alternatives. In this respect, the larger K P i , P * is, the better are the IVPF characteristics P i . Furthermore, the smaller K P i , P # is, the better are the P i . The IVPF characteristic most associated with P * does not concur with the one that is least associated with P # in most real-world decision situations. To address this issue, this 
Theorem 4. For each IVPF characteristic P i in p, the correlation-based closeness index I d satisfies the property 0
Proof. Using (T3.2), the proof of this property is direct because
Next, consider anchored judgments with fixed ideals. As described in Definition 6, the fixed positive-ideal IVPF solution z + is composed of the largest IVPF value ( 1, 1 , 0, 0 ) for each benefit criterion c j ∈ C I and the smallest IVPF value ( 0, 0 , 1, 1 ) for each cost criterion c j ∈ C II .
In contrast, the fixed negative-ideal IVPF solution z − is composed of the smallest IVPF value ( 0, 0 , 1, 1 ) for each c j ∈ C I and the largest IVPF value ( 1, 1 , 0, 0 ) for each c j ∈ C II . For the most part, the larger K P i , P + is, the better are the IVPF characteristics P i ; moreover, the smaller K P i , P − is, the better are the P i . However, a specific P i that is most associated with P + does not concur with the one that is least associated with P − . For this reason, this paper provides another comparison index to effectively underlie anchored judgments with the fixed positive-and negative-ideal IVPF solutions. As indicated in the following definition, this paper develops a useful correlation-based closeness index I f of P i to simultaneously measure the strength of the association with P + and P − to achieve a certain balance between the connection with z + and the remotest connection with z − . Definition 11. Let P i be the IVPF characteristics of alternative z i ∈ Z in p. With respect to the fixed ideal IVPF solutions z + and z − , the correlation-based closeness index I f of P i is defined as follows:
Theorem 5. For each IVPF characteristic P i in p, the correlation-based closeness index I f P i based on the fixed ideal IVPF solutions can be determined as follows:
Proof. According to (T1.2), the property E P + = E P − = 1 implies the following:
Next, using the properties in (T2.4) and (T2.5), the following results can be derived:
2 for all c j ∈ C (i.e., j ∈ 1, 2, ⋯, n ). This completes the proof. Proof. (T6.1) can be inferred directly because K P i , P + ≥ 0, K P i , P − ≥ 0, and
(T6.2) From Definition 6, it is known that μ
2), and (T2.4), the following is clear:
It directly follows that I f P − = 0; i.e., (T6.2) is valid. (T6.3) By using (T3.1) and (T3.3), one obtains K P + , P − = K P − , P + and K P + , P + = 1, respectively. Because K P − , P + = 0 from the previous result,
Therefore, (T6.3) is valid. (T6.4) For the necessity, if I f P i = 0, the condition of K P i , P + = 0 must be satisfied. It follows that R P i , P + = 0 because K P i , P + = R P i , P + / E P i ⋅ E P + . By using the property in (T2.4), one obtains w j ⋅ μ (T6.5) For the necessity, if I f P i = 1, applying Theorem 5, the following result can be acquired: 
I f P i = 1 by Theorem 5. Hence, (T6.5) is valid, which completes the proof.
Based on the useful and desirable properties proved in the previous theorems, the developed correlation-based closeness indices I d P i and I f P i can assist decision-makers in determining the ultimate priority orders among candidate alternatives. Notably, the larger the I d P i (or I f P i ) value is, the greater the preference is for the IVPF characteristics P i . More specifically, the condition I d P i > I d P i′ (or I f P i > I f P i′ ) indicates that P i is better than P i ′ or that z i is preferred to z i ′ ; alternatively, I d P i < I d P i ′ (or I f P i < I f P i ′ ) indicates that P i is worse than P i′ or that z i is less preferred to z i′ . The condition I d P i = I d P i ′ (or I f P i = I f P i ′ ) implies indifference between P i and P i ′ or equal preference between z i and z i ′ . Following such a ranking procedure, this paper establishes a novel IVPF compromise approach using correlation-based closeness indices based on information energies and correlations in the IVPF context. Employing the proposed approach and techniques to address an MCDA problem within the IVPF environment, the ultimate priority orders among candidate alternatives can be effectively determined according to the descending order of the I d P i and I f P i values when underlying anchored judgments with displaced and fixed ideals, respectively.
Proposed
Algorithm. This subsection intends to provide useful and effective algorithmic procedures for implementing the developed IVPF compromise approaches using correlation-based closeness indices with respect to the displaced/fixed ideal IVPF solutions. First, in the case of anchored judgments with displaced ideals, the proposed IVPF compromise approach for solving MCDA problems under complex uncertainty based on IVPF sets can be summarized as the following algorithmic procedure.
Concerning anchored judgments with fixed ideals, the algorithmic procedure can be significantly simplified because of desirable and valuable properties proved in Theorems 5 and 6. Based on the correlation-based closeness indices with respect to the anchor points (i.e., ( 1, 1 , 0, 0 ) and ( 0, 0 , 1, 1 )) of fixed ideals, the proposed IVPF compromise approach for managing MCDA problems within the IVPF environment is summarized below.
Practical Application with Comparative Discussions
This section utilizes a practical MCDA problem of bridge construction methods in Taiwan to examine the usefulness and effectiveness of the proposed IVPF compromise approach. Furthermore, this section investigates the application results yielded by the developed Algorithms 1 and 2 to make a thorough inquiry about practical implications.
Problem Statement of a Case Study.
Taiwan is characterized by a diversity of landscapes that are rugged and complex 11 Complexity and feature different terrain characteristics (e.g., basins and mountains). Because Taiwan features numerous mountains and rivers, the implementation of transportation projects requires bridges to join disconnected regions. However, due to intensive domestic land development, increasing land costs, and various residential environment factors and to avoid considerable demolitions and reduce negative environmental impact, transportation projects have generally occurred on hills and in mountain areas. This relatively unfavorable geology makes bridge-site selection procedures particularly complex. In urban areas, flyovers and viaducts are used to avoid road traffic congestion. These endeavors have subsequently increased the number of bridge projects in proportion to overall transportation projects.
Earthquakes, flooding, and typhoons are natural disasters that often occur in Taiwan because of Taiwan's location on the west side of the Ring of Fire at the junction of the Philippine Sea Plate and the Eurasian Plate. These disaster events, combined with rapid changes in the global climate and subsequent changes in related areas such as environmental and climate conditions, have exposed bridges to an increasing number of natural threats. Furthermore, as the length of bridges increases, aesthetic considerations and the demand to join or integrate multiple bridges together arise, inflaming the problems of labor shortage and growing wages in the construction industry. Bridge projects therefore encounter increasingly challenging construction conditions that can no longer be resolved by traditional means. Accordingly, novel, economical, and highly efficient bridge construction methods that can overcome terrain constraints and sustain attacks from natural disasters are in great demand for construction projects.
Hualien and Taitung have some of Taiwan's most famous tourist attractions; however, they are also the regions that are most prone to natural disasters. The Suhua Highway is the main road connecting Taitung, Hualien, and the Taipei metropolitan area. Nevertheless, because the Suhua Highway is meandering and steep, vehicle accidents regularly occur. In poor weather conditions such as strong winds, rains, and typhoons, disasters frequently occur, resulting in the Suhua Highway being blocked or bridges collapsing, in turn creating service interruptions. To address this problem, the central government proposed the Suhua Highway Alternative Road Project, in which safe and fast alternative roads were developed for the disaster-prone sections of the Suhua Highway.
This study investigated the construction of the concretebased bridge superstructure for the Suhua Highway Alternative Road Project, which involved four widely used bridge construction methods: the advanced shoring method, the incremental launching method, the balanced cantilever method, and the precast segmental method. First, the advanced shoring method creates relatively negligible pollution and has a relatively minimal environmental impact. It is suitable for the site in which the project was performed and is not affected by terrain constraints. However, the method entails relatively high damage costs and creates less durable bridges. Second, the incremental launching method allows the reuse of construction equipment, reducing construction costs. It also has a smaller effect on traffic during construction. However, it compromises the aesthetics of the surrounding scenery. Third, the balanced cantilever method enables easy control over construction quality, facilitating longer bridge life and reducing bridge maintenance and repairs. However, the method is relatively expensive and
Step I.1: formulate an MCDA problem within the IVPF environment. Specify the set of candidate alternatives Z = z 1 , z 2 , ⋯, z m and the set of evaluative criteria C = c 1 , c 2 , ⋯, c n , which is divided into C I and C II .
Step I.2: establish the weight vector w T = w 1 , w 2 , ⋯, w n T with respect to n criteria. Identify the IVPF evaluative rating p ij of each alternative z i ∈ Z in relation to criterion c j ∈ C. Construct an IVPF decision matrix p = p ij m×n .
Step I.3: identify the characteristics P * of the displaced positive-ideal IVPF solution z * by means of (13) and (15) . In addition, determine the characteristics P # of the displaced negative-ideal IVPF solution z # using (14) and (16).
Step I.4: use (19) to compute the information energy E P i of the IVPF characteristics P i for each z i ∈ Z in p. In addition, derive E P * and E P # for the displaced ideal IVPF solutions z * and z # .
Step I.5: Derive the correlations R P i , P * and R P i , P # between P i and P * and between P i and P # , respectively, using (20) .
Step I.6: employ (21) to calculate the correlation coefficients K P i , P * and K P i , P # for each IVPF characteristics P i in p.
Step I.7: determine the correlation-based closeness index I d P i using (24) for each z i ∈ Z.
Step I.8: rank the m alternatives in accordance with the I d P i values. The alternative with the largest I d P i value is the best choice.
Algorithm 1: For anchored judgments with displaced ideals.
Steps II.1 and II.2: see Steps I.1 and I.2 of Algorithm 1.
Step II.3: apply (26) to calculate the correlation-based closeness index I f P i of the IVPF characteristics P i for each z i ∈ Z in p.
Step II.4: rank the m alternatives in accordance with the I f P i values. The alternative with the largest I f P i value is the best choice.
Algorithm 2: For anchored judgments with fixed ideals.
12 Complexity can be delayed or otherwise affected by poor weather conditions. Fourth, the precast segmental method has a relatively negligible effect on the surrounding landscape and existing traffic conditions during construction. However, it is limited by the climate and geological conditions of the site. The bridge construction criteria selected for this project were based on those proposed by Pan [58] and Malekly et al. [21] , which are explained as follows: (i) durability: the service life of the bridge built using a given method; the bridge should have a permanent service life and not require frequent maintenance; (ii) damage cost: the maintenance and repair costs of the bridge when damaged; (iii) construction cost: the overall costs involved in the construction of the bridge, from the start of the design process to the completion of the final construction; (iv) traffic effect: the negative effect of the bridge construction process on existing traffic; (v) site condition: the conditions of the site, which includes the suitability of the construction method to a site's terrain structure and whether the site imposes constraints on the construction methods; (vi) climatic condition: whether the climate of the site accelerates the damage inflicted on the bridge or delays its construction; (vii) landscape: whether the bridge has a negative effect on the landscape of the surrounding environment, or whether the bridge itself is aesthetically attractive; and (viii) environmental impact: damage caused by the construction method and process to the surrounding environment. Of the eight criteria, durability and site condition are benefit criteria, whereas the remaining criteria are cost criteria.
Application of Selecting a Suitable Bridge Construction
Method. The practical case concerning the selection problem of bridge construction methods is modified from the case introduced by Chen [18, 42, 59, 60] and Wang and Chen [52] . This case involves an MCDA problem of how to select the most suitable bridge construction method for the Suhua Highway Alternative Road Project in the Hualien and Taitung areas of Taiwan. As explained earlier, this MCDA problem is defined by four candidate bridge-construction methods and eight criteria for evaluating the alternatives.
First, the developed methodology with Algorithm 1 was utilized to help the authority select the most appropriate bridge construction method. In Step I.1, the set of candidate alternatives is denoted by Z = z 1 (the advanced shoring method), z 2 (the incremental launching method), z 3 (the balanced cantilever method), and z 4 (the precast segmental method)}. The set of evaluative criteria is denoted by C = c 1 (durability), c 2 (damage cost), c 3 (construction cost), c 4 (traffic effect), c 5 (site condition), c 6 (climatic condition), c 7 (landscape), and c 8 (environmental impact)}, which is divided into C I = c 1 , c 5 and C II = c 2 , c 3 , c 4 , c 6 , c 7 , c 8 .
The original evaluative ratings data presented in Chen [18, 59, 60] and Wang and Chen [52] belong to Atanassov's interval-valued intuitionistic fuzzy (IVIF) sets [61] , not IVPF sets. To validate the feasibility of the IVPF outranking method with an assignment model, Chen [42] converted the IVIF evaluative ratings into the IVPF values by simply recalculating the corresponding intervals of the indeterminacy degree. That is, Chen did not adjust interval-valued degrees of membership and nonmembership with respect to each original IVIF evaluative rating. Nevertheless, although there can be no doubt that the transformed data belong to IVPF sets, there must be considerable doubt concerning the distinct interrelationships among membership, nonmembership, and indeterminacy degrees. In contrast with Chen [42] , this paper proposes another approach to reasonably convert the IVIF data into the IVPF values for conducting a substantive transformation of the IVPF representation and maintaining essential information conveyed by the original IVIF evaluative ratings. More specifically, let p 0 ij denote the IVIF evaluative rating of an alternative z i ∈ Z in terms of criterion c j ∈ C within the IVIF decision environment, where p
and the interval of the indeterminacy degree π
To adapt the p 0 ij value to the IVPF environment, the IVPF evaluative rating p ij related to p 0 ij can be determined in the following manner:
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The interval of the indeterminacy degree corresponding to p ij can be computed using (8) or, equivalently, be determined as follows:
where 0≤π The original case concerning the selection of bridge construction methods was initiated by Chen [59] , and in this case the importance weights of the criteria were expressed with a set of incomplete and inconsistent information. In other words, the importance weights of the criteria are unknown a priori. Thus, this paper adopts the preference information provided in Chen [18] and Wang and Chen [52] . Nevertheless, the criterion weights are expressed with IVIF values, which is different from the scalar weights used in the proposed methodology. To address this issue, the concept of score functions based on IVIF information was employed to determine nonfuzzy and normalized weights for each criterion. Let w 0 j denote the IVIF importance weight of a criterion c j ∈ C within the IVIF environment, where w
. This paper applies the concept of score functions to obtain comparable values of w 0 j and then performs a normalization of the obtained results to fulfill the normalization condition. The widely used score function of an IVIF value is between −1 and 1 [52] . To facilitate the following study, this paper attempts to employ the modified score function introduced by Yu et al. [62] 14 Complexity
where 0 ≤ w j ≤ 1 and ∑ n j=1 w j = 1. Considering the bridge construction case presented in Chen [18] and Wang and Chen [52] , the data of the IVIF importance weights are given as follows: w In
Step I.3, applying (15) and (16), the characteristics P * and P # of the displaced ideal IVPF solutions z * and z # , respectively, were identified based on the p ij values in Table 1 , as follows: Furthermore, the intervals of the indeterminacy degrees corresponding to each p * j in P * were calculated as follows: Step I.4, the information energies of all IVPF characteristics P i in p were computed using (19) ; the obtained results are as follows: E P 1 = 0 6541, E P 2 = 0 6547, E P 3 = 0 6856, and E P 4 = 0 6831. Additionally, the information energies of P * and P # for the displaced ideal IVPF solutions were acquired as follows: E P * = 0 8556 and E P # = 0 5430. Consider E P 1 as an example: In Steps I.5 and I.6, the correlations between P i and P * for all z i ∈ Z were determined using (20) ; the obtained results are as follows: R P 1 , P * = 0 5601, R P 2 , P * = 0 5343, R P 3 , P * = 0 6685, and R P 4 , P * = 0 5508. Next, using (21), the correlation coefficients were computed as follows: K P 1 , P * = 0 7487, K P 2 , P * = 0 7138, K P 3 , P * = 0 8729, and K P 4 , P * = 0 7205. Furthermore, the correlations between P i and P # for each z i were acquired as follows: R P 1 , P # = 0 3002, R P 2 , P # = 0 3353, R P 3 , P # = 0 2950, and R P 4 , P # = 0 3933. The correlation coefficients for each P i were derived as follows: K P 1 , P # = 0 5037, K P 2 , P # = 0 5624, K P 3 , P # = 0 4835, and K P 4 , P # = 0 6457. Taking R P 1 , P * and K P 1 , P * for example: Step I.7, using (24), the correlation-based closeness indices for all z i ∈ Z were determined as follows: I d P 1 = 0 7487/ 0 7487+0 5037 =0 5978, I d P 2 = 0 5593, I d P 3 = 0 6435, and I d P 4 = 0 5274. In Step I.8, the ultimate priority ranking z 3 ≻ z 1 ≻ z 2 ≻ z 4 was acquired by sorting each I d P i value in descending order. Therefore, alternative z 3 , i.e., the balanced cantilever method, should be selected as the most appropriate bridge construction method among the four candidate alternatives for the Suhua Highway Alternative Road Project.
Next, the developed methodology with Algorithm 2 was applied to solve the same selection problem of bridge construction methods. Note that Steps II.1 and II.2 are the same as Steps I.1 and I.2 of Algorithm 1. In Step II.3, the correlation-based closeness index I f P i of each IVPF characteristic P i for all z i ∈ Z can be determined using (26) , and the obtained results are as follows: I f P 1 = 0 7424, I f P 2 = 0 7292, I f P 3 = 0 8269, and I f P 4 = 0 6673. Using I f P 1 as an example,
In
Step II.4, the ultimate priority ranking z 3 ≻ z 1 ≻ z 2 ≻ z 4 was obtained by sorting each I f P i value in descending order. This ranking result is in accordance with that yielded by Algorithm 1. Therefore, the best choice for the bridge construction case is the balanced cantilever method (z 3 ).
Comparative Discussions.
This subsection conducts a comparative analysis of the obtained results yielded by the developed methodology with Algorithms 1 and 2. This analysis focuses on the respective solution results based on anchored judgments with displaced ideals and fixed ideals.
It was not necessary for decision-makers to have determined the correlation coefficients K P i , P + and K P i , P − when applying Algorithm 2 to address MCDA problems. Nevertheless, the current comparative study additionally calculated K P i , P + and K P i , P − to facilitate detailed comparisons of Algorithms 1 and 2 on a consistent basis. To demonstrate the differences among the relevant outcomes generated by the proposed methodology from the perspectives of displaced and fixed ideals, this paper highlights the summarized results of pairwise comparisons with respect to correlation coefficients and correlation-based closeness indices in the following three figures. Figure 1 depicts the comparison results of the correlation coefficients K P i , P * and K P i , P + with respect to the positive-ideal IVPF solutions z * and z + . As revealed in this figure, there are no evident differences between K P i , P * and K P i , P + in relation to each alternative. Thus, the correlations between the IVPF characteristics P i and P * are very similar to the correlations between P i and P + in the bridge construction case. Moreover, the values of K P i , P * and K P i , P + show very similar distributions and trends with respect to the four alternatives. More specifically, the two similar rankings z 3 ≻ z 1 ≻ z 4 ≻ z 2 (in accordance with K P 3 , P * > K P 1 , P * > K P 4 , P * > K P 2 , P * ) and z 3 ≻ z 1 ≻ z 2 ≻ z 4 (in the light of K P 3 , P + > K P 1 , P + > K P 2 , P + > K P 4 , P + ) can be acquired by sorting the values of K P i , P * and K P i , P + separately in descending order. On average, the extent of each alternative z i associated with the displaced positive-ideal IVPF solution z * is very close to that of the z i associated with the fixed positive-ideal IVPF solution z + , based on the comparison results via correlation coefficients of IVPF characteristics. Figure 2 reveals the summarized comparisons of the correlation coefficients K P i , P # and K P i , P − in terms of the negative-ideal IVPF solutions z # and z − . The contrast between K P i , P # and K P i , P − is significantly different from the contrast between K P i , P * and K P i , P + in Figure 1 . Overall, the dissimilarity between the IVPF characteristics P i and P # is relatively lower than that between P i and P − in the bridge construction case. As can be expected, the K P i , P # values are markedly greater than the K P i , P + values. The difference between K P i , P # and K P i , P − is obvious in general. However, they demonstrate a common distribution among the four alternatives. More precisely, by sorting the K P i , P # and K P i , P − values separately in ascending order, the same ranking z 3 ≻ z 1 ≻ z 2 ≻ z 4 can be obtained because K P 3 , P # < K P 1 , P # < K P 2 , P # < K P 4 , P # and K P 3 , P − < K P 1 , P − < K P 2 , P − < K P 4 , P − . Conversely, there is an evident distinction between P # and P − ; however, the difference between P * and P + is not significant everywhere. Thus, the difference between K P i , P # and K P i , P − should be obviously larger than that between K P i , P * and K P i , P + . As seen in Figure 2 , the K P i , P # values are larger than the K P i , P − values with respect to the four alternatives. In contrast, the K P i , P * values are close to the K P i , P + values for all alternatives, as indicated in Figure 1 . Figure 3 shows the contrast of the correlation-based closeness indices I d P i and I f P i . In the bridge construction case, the correlation-based closeness indices lie in the range from 0.52 to 0.65 based on anchored judgments with displaced ideals (i.e., using Algorithm 1) and from 0.66 to 0.83 based on anchored judgments with fixed ideals (i.e., using Algorithm 2). These indices have different ranges. However, they show a common distribution among the four alternatives. Specifically, by sorting the I d P i and I f P i values separately in descending order, the same ultimate 
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Complexity priority ranking z 3 ≻ z 1 ≻ z 2 ≻ z 4 can be obtained according to
using Algorithm 1 and I f P 3 > I f P 1 > I f P 2 > I f P 4 using Algorithm 2. The feasibility and applicability of the proposed methodology with Algorithms 1 and 2 can be validated and supported through the practical application concerning the selection problem of bridge construction methods. Based on the comparison results, the developed Algorithms 1 and 2 can generate a stable and steady ultimate priority ranking among competing alternatives. In particular, the implementation procedure of Algorithm 2 is significantly simpler and more effective than that of Algorithm 1. In contrast, with Algorithm 1 or other MCDA methods in the IVPF context, the developed Algorithm 2 can fully account for the information associated with IVPF evaluative ratings and importance weights in a convenient manner. However, Algorithm 2 can also produce an intuitively appealing and persuading solution result. In this respect, adopting Algorithm 2 as the main structure of the IVPF compromise approach is suggested, i.e., the usage of correlation-based closeness indices with respect to the fixed ideal IVPF solutions when addressing MCDA problems within the IVPF environment.
Comparative Analysis
This section attempts to conduct some comparisons of the proposed IVPF compromise approach with well-known and widely used compromise models as well as with different fuzzy MCDA methods in uncertain environments based on other nonstandard fuzzy sets to illustrate the advantages and effectiveness of the developed methodology. Furthermore, this section extends the applicability of the proposed methods to other application fields for enriching the practical potentials in the real world.
Comparison to Well-Known TOPSIS Methods.
Consider that the TOPSIS methodology is the most widely used compromise model in the MCDA field. In particular, TOPSIS utilizes the distances to both the ideal and the negative-ideal solutions simultaneously to determine the closeness coefficient, which inspires this paper to develop the useful concept of correlation-based closeness indices. More importantly, both TOPSIS and the proposed approach belong to the compromise model. For these reasons, this subsection extends the classic TOPSIS to the IVPF environment to conduct a comprehensive comparative study.
In this subsection, the comparative analysis focuses on a comparison of the results yielded by the extended TOPSIS method and those obtained by the developed methodology. TOPSIS has been the most widely used compromise model in the last few decades. Because the proposed methods belong to the compromise model in nature, this paper attempts to extend the classic TOPSIS to the IVPF environment to address highly uncertain information based on IVPF sets to facilitate a comparative study.
Consider an MCDA problem involving the IVPF decision matrix p = p ij m×n and the weight vector w T = w 1 , w 2 , ⋯, w n T . The IVPF TOPSIS method is presented as a series of successive steps. First, let an IVPF value ρ ij denote the weighted evaluative rating of an alternative z i ∈ Z; ρ ij is calculated as follows: 
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Concerning anchored judgments with displaced ideals, let two IVPF values ρ * j and ρ #j denote the weighted evaluative ratings of the displaced positive-ideal IVPF solution z * and the displaced negative-ideal IVPF solution z # , respectively. Using Definition 3, ρ * j and ρ #j are identified as follows:
where
Next, the distances D ρ ij , ρ * j and D ρ ij , ρ #j between ρ ij and ρ * j and between ρ ij and ρ #j , respectively, can be computed using Definition 4. Based on the obtained D ρ ij , ρ * j , the separation D * i of each alternative z i ∈ Z from the displaced positive-ideal IVPF solution z * is given as follows:
Similarly, according to the obtained D ρ ij , ρ #j , the separation D # i of each alternative z i ∈ Z from the displaced negative-ideal IVPF solution z # is given as follows:
Let CC d i denote the closeness coefficient of an alternative z i with respect to the displaced ideal IVPF solutions; it is defined as follows:
According to CC d i in descending order, the ultimate priority orders among m candidate alternatives can be determined.
Concerning anchored judgments with fixed ideals, let two IVPF values ρ +j and ρ −j denote the weighted evaluative ratings of the fixed positive-ideal IVPF solution z + and the fixed negative-ideal IVPF solution z − , respectively; they are given as follows:
of each alternative z i from the fixed ideal IVPF solutions z + and z − , respectively, can be obtained as follows:
The closeness coefficient CC f i of an alternative z i with respect to the fixed ideal IVPF solutions is calculated as follows:
The ultimate priority orders among m candidate alternatives can be acquired in accordance with the CC Table 2 . According to the CC d i values, the ultimate priority ranking z 3 ≻ z 2 ≻ z 1 ≻ z 4 was acquired based on anchored judgments with displaced ideals. Moreover, the ranking result z 3 ≻ z 1 ≻ z 2 ≻ z 4 was determined by sorting each CC f i value based on anchored judgments with fixed ideals. The best alternative for the bridge construction case is the balanced cantilever method (z 3 ), which is consistent with the result yielded by the proposed methodology.
Comparison to Relevant Nonstandard Fuzzy Models.
This subsection includes a comparative discussion with other nonstandard fuzzy models to demonstrate the advantages 20 Complexity of the proposed IVPF compromise approaches using correlation-based closeness indices. The comparative analysis focuses on investigations of the obtained results yielded by different MCDA methods based on other nonstandard fuzzy sets. As mentioned previously, Chen [18, 59, 60] and Wang and Chen [52] explored the selection problem of bridge construction methods for the Suhua Highway Alternative Road Project. The decision environments discussed in the above research were based on IVIF sets. The concept of IVPF sets can be considered an extension of IVIF sets [40, 43] . From this perspective, this paper further draws a comparison with these nonstandard fuzzy models, consisting of the nonlinear assignment-based method [59] , the IVIF qualitative flexible multiple-criteria method (QUA-LIFLEX) [60] , the extended linear assignment method [18] , and the likelihood-based assignment method [52] . Additionally, Chen [42] developed an IVPF outranking method with a closeness-based assignment model and examined its feasibility and effectiveness using the selection problem of bridge construction methods. Thus, this paper also compares the obtained result yielded by the IVPF outranking method. With respect to the bridge construction case, Table 3 indicates the summary application results using the aforementioned comparative approaches and the proposed methodology. In particular, the data types of evaluative ratings and criterion weights, the obtained ranking results, and the category of MCDA models among the comparative methods are contrasted in this table.
According to the side-by-side comparisons presented in Table 3 , the nonlinear assignment-based method, the IVIF QUALIFLEX method, the extended linear assignment method, the likelihood-based assignment method (with Algorithms A and B), and the IVPF outranking method belong to the outranking model. However, the IVPF TOPSIS method with respect to displaced/fixed ideals and the proposed IVPF compromise approach (with Algorithms 1 and 2) belong to the compromise model. As revealed in this table, the assignment-based methods introduced by Chen [18, 42, 59 ] and Wang and Chen [52] produced two similar ultimate ranking results: z 1 ≻ z 3 ≻ z 2 ≻ z 4 and z 1 ≻ z 3 ≻ z 4 ≻ z 2 . Although these results are somewhat different from the rankings obtained using the compromise-based methods (i.e., the IVPF TOPSIS method and the proposed methodology), the relatively better alternatives (i.e., z 1 and z 3 ) and the relatively worse alternatives (i.e., z 2 and z 4 ) yielded by the assignment-and compromise-based methods are the same.
Conversely, significantly different results z 4 ≻ z 3 ≻ z 1 ≻ z 2 and z 2 ≻ z 3 ≻ z 1 ≻ z 4 were acquired using the IVIF QUALI-FLEX method. These inconsistent rankings can result from the distinct data types of evaluative ratings and/or the different preference structures of criterion importance. For example, the nonlinear assignment-based method, the IVIF QUALIFLEX method, and the likelihood-based assignment method with Algorithm B are aimed at coping with IVIF MCDA problems involving incomplete preference information. More precisely, the importance weights of criteria are unknown and might even conflict a priori. In contrast, the extended linear assignment method and the likelihoodbased assignment method with Algorithm A utilized IVIF values to express criterion weights. Furthermore, the importance weights were represented using IVPF values in the IVPF outranking method. The IVPF TOPSIS method and the proposed methodology evaluated criterion weights as ordinary (i.e., crisp and nonfuzzy) values. Therefore, there are evident discriminations among the preference structures of criterion importance adopted in these comparative methods. Additionally, the assignment-based methods established the evaluative ratings based on IVIF sets, whereas the compromise-based methods utilized IVPF sets to construct the evaluative ratings. The above discussions can be a source of the ranking differentiation in the comparison results.
Concerning the ultimate priority ranking results, decision-makers often consider the relatively better alternatives further to make a final decision. For the most part, the alternatives that are top ranked and second ranked in the ultimate priority ranking deserve serious consideration. As indicated in Table 3 , z 1 and z 3 are relatively better alternatives in relation to most of the comparative methods. The assignment-based methods produced the ranking result z 1 ≻ z 3 , but the compromise-based methods generated an opposite result z 3 ≻ z 1 . To investigate the validity and justifiability of these conflicting results, the concept of extended score functions within the IVPF environment was employed to facilitate judgments about the priority orders of z 1 and z 3 .
By modifying Yu et al.'s score function (2012) based on IVIF sets for adapting to the IVPF environment, the extended score function S ρ ij of an IVPF-weighted evaluative rating ρ ij is computed as follows: where 0 ≤ S ρ ij ≤ 1. A comparable value of ρ ij can be acquired using the extended score function S ρ ij . Concerning a benefit Table 6 provides the data of the p ij values in the IVPF decision matrix p = p ij 4×6 . Using the proposed methodology to solve this risk evaluation problem, the obtained results yielded by Algorithms 1 and 2 are revealed in the bottom part of Table 5 . Furthermore, Figure 5 contrasts the ranking results yielded by the proposed methods (with Algorithms 1 and 2) and the IVPF inferior ratio-based assignment method. The ultimate priority ranking z 4 ≻ z 2 ≻ z 1 ≻ z 3 was determined based on the I d P i values under anchored judgments with displaced ideals. Additionally, the ultimate priority ranking z 2 ≻ z 4 ≻ z 1 ≻ z 3 was acquired based on the I f P i values under anchored judgments with fixed ideals. It is noted that the ranking result z 2 ≻ z 4 ≻ z 3 ≻ z 1 was obtained using the IVPF inferior ratio-based assignment method. According to Chen's [63] solution result, the best project is the second potential high-tech enterprise (z 2 ), which is the same as that obtained using the proposed methodology based on anchored judgments with fixed ideals. In particular, a different result of z 4 ≻ z 2 ≻ z 1 ≻ z 3 was derived under anchored judgments with displaced ideals. Based on the results in Table 5 and Figure 5 , it can be concluded that the proposed methodology can generate acceptable and flexible results through an appropriate employment of the proposed Algorithms 1 and 2.
5.4. Concluding Remarks. In addition to the selection problem of construction methods for bridge superstructures, this paper investigated two real-world cases consisting of a financing decision of working capital policies and a risk evaluation problem of technological innovation to extend the applicability of the proposed methods to other application fields. Based on the comparative studies between the proposed methods and the existing approaches, some valuable observations were obtained and concluded.
First, the feasibility and applicability of the proposed methodology were demonstrated via three practical applications: bridge construction methods for the Suhua Highway Alternative Road Project, financing policies for working capital management, and risk assessments for technological innovation in high-tech enterprises. Additionally, for the bridge construction case, as opposed to the comparative methods of the outranking model in the IVIF context, the proposed methodology produces an evidently reasonable ranking result and performs well in a more complex decision situation, i.e., the IVPF context. As mentioned previously, the space of an IVPF value is larger than the space of an IVIF value because of the relaxed constraint condition, implying that the proposed methodology can sufficiently 23 Complexity depict more uncertainty and ambiguity inherent in the subjective judgment and decision-making process by utilizing IVPF information. Furthermore, the usefulness and advantages of the proposed methodology were justified and supported based on the comprehensive comparative analysis. In summary, the proposed IVPF compromise approach leads to both better explanations of and better applicability in addressing MCDA problems because it employs a straightforward and easily implemented decision-making mechanism using correlation-based closeness indices to handle high-order uncertainties associated with practical decision environments.
Conclusions
This paper focused on the development of a novel compromise model and relevant techniques within the IVPF environment to address highly uncertain MCDA problems, along with an application to bridge construction methods. Bridges are a crucial part of road networks because they can 26 Complexity
